Abstract. Natural metrics in the hyperbolic α-Bloch-, weighted Dirichletand Qp-classes are introduced, and these classes are shown to be complete metric spaces with respect to the corresponding metrics. Then Lipschitz continuous and compact composition operators C ϕ (f ) = f • ϕ acting from the hyperbolic α-Bloch-class to the hyperbolic weighted Dirichlet-or Q p -class are characterized by conditions depending on the symbol ϕ only.
Introduction
Hyperbolic function classes are subsets of the class B(D) of all analytic functions f in the unit disc D such that |f (z)| < 1 for all z ∈ D. They are usually defined by using either the hyperbolic derivative f * (z) := |f (z)|/(1−|f (z)| 2 ) of f ∈ B(D), or the hyperbolic distance ρ(f (z), 0) := are not linear spaces. It is thus slightly surprising that a satisfactory theory of analytic composition operators still exists for these classes. In this paper we introduce natural metrics on the hyperbolic α-Bloch-, Q p -and Dirichletclasses, and show that these classes are complete metric spaces with respect
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to the corresponding metrics. The main observation of our paper is that, for a composition operator C ϕ (f ) := f • ϕ induced by ϕ ∈ B(D), the Lipschitzcontinuity on hyperbolic classes plays the same role as the continuity or the boundedness on the usual Banach-function spaces. This analogy even extends to the study of compact operators (or completely continuous operators in the language of general nonlinear functional analysis). Yamashita was probably the first one to consider systematically hyperbolic function classes. He introduced and studied hyperbolic Hardy-, BMOAand Dirichlet-classes in [7, 8, 9, 10, 11, 12] . More recently, Smith studied inner functions in the hyperbolic little Bloch-class [4] , and the hyperbolic counterparts of the Q p -spaces were studied by Li [2] and Li et. al. [3] . Further, hyperbolic classes even arise naturally in the study of composition operators acting on Banach spaces of analytic functions in D. For example, a result by Xiao shows that a composition operator C ϕ mapping from the classical Bloch-space B to the conventional α-Bloch-space B α is bounded if and only if the symbol ϕ belongs to the hyperbolic α-Bloch-class B * α [5] . The paper is organized as follows. In Section 2 we introduce the hyperbolic α-Bloch-, weighted Dirichlet-and Q p -classes and natural metrics on them. We also present the main results, the characterizations of Lipschitz continuous and compact composition operators mapping from the hyperbolic α-Bloch-class to the hyperbolic weighted Dirichlet-or Q p -class by conditions depending on the symbol ϕ only. The proofs of the results are given in Sections 3-6 in the chronological order. Section 7 is devoted to several remarks on possible choices of metrics.
Basic definitions and results
We denote by D = {z : |z| < 1} the unit disc of the complex plane, and B(D) stands for the class of all analytic functions f in D for which |f (z)| < 1 for all z ∈ D.
If (X, d) is a metric space, we denote the open and closed balls with center x and radius r > 0 by B(x, r) := {y ∈ X : d(y, x) < r} andB(x, r) := {y ∈ X : d(y, x) ≤ r}, respectively. By C, c, C 1 and so on we denote strictly positive constants which may vary from place to place but not in the same sequence of inequalities.
Denoting f 
α . The presence of the conventional α-Bloch-norm here is perhaps unexpected. It is motivated by Example 7 below. It shows the phenomenon that, though trivially
α , the same does no more hold for the differences of two functions: there does not even exist a constant C > 0 such that
would hold for all f ,g ∈ B * α , 0 < α < 1. At the end of the paper we make some further remarks on the choice of the metric, see Section 7. We now turn to consider hyperbolic Q p -classes. Recall that, for 0 ≤ p < ∞, the hyperbolic class Q * p consists of those f ∈ B(D) for which
where dA is the normalized 2-dimensional Lebesgue measure on
is the automorphism of D which interchanges the origin and the point a ∈ D.
The Schwarz-Pick lemma implies Q * p = B(D) for all p > 1, and therefore the hyperbolic Q p -classes are considered only when 0 According to the definition in [3] , a composition operator
is bounded if and only if it is Lipschitz-continuous, that is, if there exists a positive constant
α . By elementary functional analysis, a linear operator between normed spaces is bounded if and only if it is continuous, and the boundedness is trivially also equivalent to the Lipschitz-continuity. So, our result for composition operators in hyperbolic spaces is the correct and natural generalization of the linear operator theory. 
We now turn to consider compact operators.
This concept coincides with that of a completely continuous operator in general nonlinear functional analysis (see e.g. [1] , Definition 8.1.). However, we prefer to use the term compact operator; recall that the operator is still linear, though the underlying spaces are not.
The following observation is sometimes useful.
it maps closed balls onto compact sets.
Compactness of composition operators can be characterized in full analogy with the linear case. 
Before proving the results presented in this section, we point out an immediate consequence of the proofs of these results. Namely, if D * p denotes the hyperbolic weighted Dirichlet-class which consists of those f ∈ B(D) for which
then the proof of Proposition 2.2 shows that D * p is a complete metric space with respect to the metric
Moreover, the proofs of Theorems 2.3 and 2.6 yield the following result.
Theorem 2.7. Let 0 < α ≤ 1 and −1 < p ≤ 1. Then the following statements are equivalent:
3. Proof of Proposition 2.1 
, the family (f n ) is uniformly bounded and hence normal in D. Therefore there exists f ∈ B(D) and a subsequence (f n j ) ∞ j=1 such that f n j converges to f uniformly on compact subsets of D. It follows that also f n converges to f uniformly on compact subsets, and by the Cauchy formula, the same also holds for the derivatives. Let m > N . Then the uniform convergence yields 
Proof of Proposition 2.2
As in the previous section we find that d(·, · ; Q * p ) is a metric in Q * p . For the completeness proof, let (f n ) be a Cauchy sequence in Q * p . As in the proof of Proposition 2.1 we find an f ∈ B(D) such that f n converges to f uniformly on compact subsets of D. Let m > N and 0 < r < 1. Then Fatou's lemma yields
and by letting r → 1 − , it follows that
, and thus f ∈ Q * p . We also find that f n → f with respect to the metric of Q * p . The second part of the assertion follows by (4.1).
Proof of Theorem 2.3
It is known that C ϕ : B * α → Q * p is bounded if and only if (3) is satisfied [3] . Therefore it suffices to prove that the assertions (2) and (3) are equivalent.
Assume first that 
for all z ∈ D. Combining (5.1) and (5.3) we obtain
from which the assertion (3) follows.
Assume now that (3) is satisfied. The inequality (5.2) yields |f (3) is satisfied.
Proofs of Proposition 2.5 and Theorem 2.6
As regards to Proposition 2.5, if B ⊂ B * α is a closed ball and g ∈ Q * p belongs to the closure of C ϕ (B), we can find a sequence (f n )
is a normal family, hence it has a subsequence (f nj ) ∞ j=1 converging uniformly on the compact subsets of D to an analytic function f . As in earlier arguments (see (3.1)) we get a pointwise estimate which shows that f must belong to the closed ball B. On the other hand, also the sequence (f nj • ϕ) ∞ j=1 converges uniformly on compacta to an analytic function, which is g. We get g = f • ϕ, i.e. g belongs to C ϕ (B). Thus, this set is closed and also compact.
Let us turn to Theorem 2.6. We first assume that (2) since for any fixed R, 0 < R < 1, the uniform convergence yields (2) is satisfied, we may fix r, 0 < r < 1, such that
By the uniform convergence, we may fix
The condition (2) is known to imply the compactness of C ϕ : B α → Q p , hence, possibly to passing once more to a subsequence and adjusting the notations, we may assume that where C is the bound obtained from (3) of Theorem 2.3. Combining (6.1), (6.2), (6.3) and (6.4) we deduce that f nj → f in Q * p . As for the converse direction, let f n (z) :
The function r n−1 (1 − r) α attains it's maximum at the point r = 1 − α/(α + n − 1), and hence (6.5) has the upper bound
As a consequence, the sequence (f n ) 
Using (6.7) we obtain 8) and the condition (2) follows by combining (6.6) and (6.8). 
Remarks on the choice of the metrics
For example, let a 1 = 1/10 = a 2 , b 1 = 1/2 and b 2 = 5/66. Define, for all j ∈ N,
where β is chosen such that 0 < (1 − α)/2 < β < 1 − α < 1. For all j, these functions belong to B * α,0 . Now
and this approaches to +∞ as j → ∞, since a 2 = b 2 and β − 1 + α < 0. On the other hand, the functions f j and g j are analytic in the closed unit disc, and therefore the asymptotic relation 
